

















Unit VI — Circles
Part D — Circles and Concurrency

— Theorem 83 - “If you have a triangle,

then that triangle is cyclic.”

Objective: To investigate a relationship between triangles and circles, and to prove

this theorem directly, using previously accepted definitions, postulates
and theorems.

Important Terms:
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Concurrent Lines — From two Latin words meaning “to run together”, this term
deals primarily with intersecting lines, or line segments. Formally, if two or more
lines contain the same point, they are said to be concurrent. (Note: In Geometry,
because it is more significant when three or more lines contain the same point, the
more frequently used geometric definition of concurrent lines relates to three or
more lines.)

Concyclic Points — From two Latin words meaning “together on a circle”, this
term deals primarily with points on a circle. Formally, if two or more points lie on
the same circle, they are said to be concyclic. (Note: In Geometry, because it is
more significant when three of more points lie on the same circle, the more
frequently used geometric definition of concyclic points relates to three or

more points.)

Cyclic Polygons — A specific term which refers to a relationship between polygons
and circles. Formally, when there is a circle which contains all of the vertices of a
polygon, then that polygon is cyclic.

Corollary 83a — “If you have a triangle, then the perpendicular bisectors of the
sides are concurrent.”

Corollary 83b — “If you have a triangle, then the bisectors of the angles are
concurrent.”
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Example 1: The angle bisectors of AABC meet at point Q from A %
Corollary 83b. Given that AT = 15 and AQ = 17. AL \\
. A
Q‘\
a) Which segments are congruent? r \
b) Find QT and QS.
Solution: a) QT, QS and QR are congruent since the angle bisectors 4
meet at a point equidistant from the sides of the triangle. “C

Using Theorem 80, we can conclude that:
AR = AT, BR = BS, and CS = CT.

b) QT _L AT by corollary 68a.

(AT) +(aT) =(AQ)
(15) +(ar) =(17)
225+(QT) =289
(Qr ) =64

QT = ix/i 4 (QT cannot be negative)
QT =8

QT=QS

QS=38

Lesson 1 — Exercises:
1. Prove Theorem 83 - “If you have a triangle, then that triangle is cyclic.”
2. Find the values of x and y. 3. Find the values of x and y.

(6y)°
(6y)

NS

(4x)
4. Write a two column proof for Corollary 83a - “If you have a triangle, then the
perpendicular bisectors of the sides are concurrent.”

5. Write a two column proof for Corollary 83b - “If you have a triangle, then the bisectors
of the angles are concurrent.”
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11.

12.

13.

14.

15.

The perpendicular bisectors of the sides of ARST meet
at point Q. SQ = 11 and QM = 4. Find RQ. Give a reason
for your answer.

AABC is given. Perpendicular bisectors of the sides,
QE, QF and QG are shown. Can you conclude that

QE = QG? If not, explain, and state a correct conclusion
that can be deduced from the diagram.

Traingle PMN is given. Angle bisectors PX, MY,

and NZ are shown. Can you conclude that QZ = QX?
If not, explain, and state a correct conclusion that can
be deduces from the diagram.

The three perpendicular bisectors of the sides of a triangle are concurrent in a point
which can be inside the triangle, on the triangle, or outside the triangle. Sketch an
obtuse triangle, an acute triangle, and a right triangle showing the perpendicular
bisectors of the sides in each to verify each relationship.

Triangle ABC is an obtuse triangle. Perpendicular
bisectors of the sides meet at point M. MP = 12
and MB = 13. Find AC.

In exercises 16 through 20, complete the statement using always, sometimes, or never.

16.

17.
18.

19.

20.

A perpendicular bisector of a side of a triangle passes through the midpoint
of a side of the triangle.

The angle bisectors of the angle of a triangle intersect at a single point.
The angle bisectors of the angle of a triangle meet at a point outside

the triangle.

The perpendicular bisectors of the sides of a triangle meet at a point which

lies outside the triangle..

The midpoint of the hypotenuse of a right triangle is equidistant from all
vertices of the triangle.
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21. XP and ZP are angle bisectors of 2 X A
and £Zin AXYZ. m£XYZ =112. Find m£ZXPZ. X

Z

Use the graph of AABC and exercises 22 through 24 to illustrate C(12,8)
Corollary 83a, about the concurrency of perpendicular bisectors
of the sides of a triangle.

A(0,0) B(16,0)

22. Find the midpoint of each side of AABC. Use the midpoints to find the equations of the
perpendicular bisectors of the sides of AABC.

23. Using your equations from exercise 22, find the intersection of two of the lines.

24. Show that the point in exercise 23 is equidistant from the vertices of AABC.

Unit VI — Circles
Part D — Circles and Concurrency

— Theorem 84 - “If the opposite angles of
a quadrilateral are supplementary, then

the quadrilateral is cyclic.”

Objective: To investigate a relationship between quadrilaterals and circles, and to prove
this theorem directly, using previously accepted definitions, postulates
and theorems.

Important Terms:

Concurrent Lines — From two Latin words meaning “to run together”, this term deals
primarily with intersecting lines, or line segments. Formally, if two or more lines
contain the same point, they are said to be concurrent. (Note: In Geometry, because it
is more significant when three or more lines contain the same point, the more
frequently used geometric definition of concurrent lines relates to three or more lines.)

Concyclic Points — From two Latin words meaning “together on a circle”, this term
deals primarily with points on a circle. Formally, if two or more points lie on the same
circle, they are said to be concyclic. (Note: In Geometry, because it is more significant
when three of more points lie on the same circle, the more frequently used geometric
definition of concyclic points relates to three or more points.)

Cyclic Polygons — A specific term which refers to a relationship between polygons
and circles. Formally, when there is a circle which contains all of the vertices of a
polygon, then that polygon is cyclic.
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Lesson 2 — Exercises:

1. Prove Theorem 84 - “If the opposite angles of a quadrilateral are supplementary, then the
quadrilateral is cyclic.” (Converse of Corollary 67b)

2. Find the values of x, y, and z. 3. Find the values of x and y.
mBCD = 136° mBCD =z

A

4. Find the values of xand y.
mABC =z

7. Find the measure of the angles of
quadrilateral ABCD.

<
-

L —7C

D

8. Prove that trapezoid inscribed in a circle, is an isosceles trapezoid.

- B
9. Suppose that ABCD is a quadrilateral inscribed y
in a circle, and that AC is a diameter of the circle. /
If m£A is three times m2C, what are the measure b
of all four angles? C
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10. Show that the ratio of the radius of the inscribed circle to the
radius of the circle circumscribed about a square is+2 to 2.

o)
a

11. All regular simple polygons are cyclic. A circle contains 360 degrees.
How many degrees are in each arc of a circle circumscribed about:
a) An equilateral triangle?
b) A square?
c) A regular hexagon?
d) A regular octagon?

12. Given: Quadrilaterl XYWZ is cyclic. X Y
ZY is a diameter of circle Q.
XY Il ZW 0

Prove: S(RY = ZVV Z W

13. Square ABCD is cyclic
a) Find m~AQB 0
b) Find AB
c) Find the distance from point Q to AB. 3 A

10

In exercises 14 through 19, tell if the given quadrilateral can always be inscribed in a circle.
Explain each answer.

14. Square

15. Rectangle

16. Parallelogram

17. Kite

18. Rhombus

19. Isosceles Trapezoid

20. The line segment in a quadrilateral drawn from a midpoint of a side perpendicular to the
opposite side is called a maltitude. In a cyclic quadrilateral, maltitudes are concurrent.
Using a straightedge, sketch a cyclic quadrilateral and its maltitudes and verify
this relationship.
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