Unit VI — Circles

Part A— Fundamental Terms

p. 522 — Lesson 1 — Lines and Segments

PQ, PA, PK, OA, OI, OB
Tangent

Chord

Secant

Tangent Segment

Chord

Secant Segment

QK

. Ol; OB

Chord; Chord

Point R is outside circle T.
18 cm

2xinches”

8.23 cm; 2
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17. None
18. a) One radius
b) Infinitely many chords
c) None
19. a) One chord
b) One secant
c) No tangents
20. a) Point Q is in the interior of circle T.
b) Point Q is on circle T.
c) Point Q is in the exterior of circle T.
21. a) 0<PQ<14
b)0<PQ <14
c)PQ>0
22. Any two tangent circles whose interiors intersect. 23. Any two circles that intersect in two points.

24. Any two tangent circles whose interiors do not intersect.  25. Any two circles such that one is contained entirely
within the interior of the other.

N
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Unit VI — Circles
Part A— Fundamental Terms

p- 524 — Lesson 2 — Arcs and Angles

AN SN SN S o~ o~
1. AB, BC, CD, DE, EA (Answers may vary. Here are other answers: CE, DA, EB)
2. ABD, ABE, EAC (Answers may vary. Here are other answers: EAD, DAC, CAB, BCE)
3. ABC, AEC, BCD, BAD
4. /AQB, LAQE, ~AQD (Answers may vary. Here are other answers: ~BQE, ~EQC, ~EQD, ~BQC, ~DQC)
5. 2BAC, LEAC (Answers may vary. Here are other answers: ZBAE, ZABD)
6. (Answers and diagrams may vary) 7. (Answers and diagrams may vary)
Inscribed Angle: ZRTU Central Angle: ~AQB
Minor Arc: RU (also BT and UT) Minor Arc: AB
T
A
R U
B
8. (Diagrams may vary)
X ‘
v l
9. a) £UYV; ZUXV  b) £XQW; ZWQV ¢) LWVX d) £YUX; £YVX
10. J 11. i
12. a)m£AOB =75
b) mAE = 75
c) mCD = 20
d) OE=5
e) mACE = 285
f) m£COE = 125
13. a)mzWOZ =34 c) m£WOX = 3x + 10
=3(34) + 10
4x + (3x + 10) + x + 2x + 10 = 360 =102 + 10
10x + 20 = 360 =112
10x = 340
X =34
—~
b) mXYZ =4x + (2x + 10) d) m/YOZ =2x + 10
=6x+10 =2(34) + 10
=6(34)+10 =68 + 10
=204 + 10 - 78

=214

14. a) ADC (or ACB)  b) DAC (or DBC) ¢) ABD (or ACD)  d) BAC (or BDO)
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15. Given: WZ is a diameter of OQ.

mWX = mXY = n

Prove: m/Z=n

A,
ey,

z2—Y
STATEMENT REASONS
1. WZ is a diameter of ©Q 1. Given
2. mWX = mEY =n 2. Given
3. ms1=mWX=n 3. Definition of the measure of a central angle and the measure of its
m/2=mXY =n intercepted arc.
4. mz1=mzg2 4. Substitution
5.m41+m/42+ ms3 =180 5. A straight line contains 180°.
6. m/Z4+m/5+m/3 =180 6. Theorem 25 - If you have any given triangle, then the sum of the
measures of its angles is 180°.
7.mz1+ms2+ms3=mL4+mL5+mL3 7. Substitution
8. mL1+msL2=ms4 +mL5 8. Subtraction Property of Equality
9. Draw QY 9. Postulate 2 - For any two different points, there is exactly one line
containing them.
10.QY ="Qz 10. Radii of the same circle are congruent.
1. 24= /5 11. Theorem 33 - If two sides of a triangle are congruent, then the
angles opposite those sides are congruent.
12. m£4 =ms5 12. Definition of Congruent Angles
13. ms1+ms1=ms4+ms4 13. Substitution
14.2m/1=2mz4 14. Properties of Algebra
15. m£1 =mzs4 15. Multiplication Property of Equality
16. n=ms4 (or m£2Z) 16. Substitution

Unit VI — Circles
Part A— Fundamental Terms

p. 527 — Lesson 3 — Circle Relationships

Nooaprob=

10.
11.
12.
13.
14.
15.
16.

One external; no internal
Two external; no internal
No external; no internal
No external; no internal
Two external; one internal
Two external; two internal
Point W is in the interior of both circles. Point X is in the exterior of the inner circle
and in the interior of the outer circle. Point Y is in the exterior of the inner circle and
in the interior of the outer circle. Point Z is in the exterior of both circles.
CD=CE+EF +FD
CD=10+12+3
Ch=25

63
63
85
85

212
212
275
275

Part A — Properties of Polygons
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17. j}?and ENT('\I' and m/l
7SJ and I\WFTP; TJK and MRN
18. No. Congruent figures must have the same size (in this case, length, if stretching out straight) and shape.
19. a) must
b) must
¢) can be but need not
d) must
e) can be but need not
f) must
g) must
h) cannot
i) must
20. infinitely many
21. infinitely many
22. yes; yes; no
23. yes; yes; no
24,

Unit VI — Circles
Part B— Angle and Arc Relationships

p- 532 — Lesson 1 — Theorem 65 and 66

1. a) Theorem 65 - “In a circle or in congruent circles, if two central angles are congruent, then their corresponding intercepted
arcs are congruent.”

b) A c
@ @D

c) Given: OP = 0OQ; 2P = 2Q

d) Prove: AB=CD

e)
STATEMENT REASONS
1. OP = OQ 1. Given
2. /P=/Q 2. Given
3. mLP=msQ 3. Definition of Congruent Angles
4. m/P= mP:B\ 4. Definition of Arc Measure
5. m/L_Q = m,ClD 5. Definition of Arc Measure
6. mAB =’mCD 6. Substitution
7.AB = CD 7. Definition of Congruent Arcs
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2. a) Theorem 66 - “In a circle or in congruent circles, if two minor arcs are congruent, then their corresponding central
angles are congruent.”

b) A

c) Given: OP = ©OQ;AB=CD
d) Prove: ZP = 2Q

e)

STATEMENT REASONS
1.9\!3%9\0 1. Given
2.AB = CD/_\ 2. Given
3. mAB = mCD 3. Definition of Congruent Arcs
4. m/P= mP;B\ 4. Definition of Arc Measure
5.m2Q =mCD 5. Definition of Arc Measure
6. m/ZP=m2Q 6. Substitution
7. /P=/Q 7. Definition of Congruent Angles

3. ABand DC are in the same circle, and mAB = mCD = 50°. So, AB = CD by Theorem 65 - In a circle or in congruent circles,
if two central angles are congruent, then their corresponding intercepted arcs are congruent.

4. PQ and RS are in congruent circles, and mPQ = mRS = 135°. So, PQ = RS by Theorem 65 - In a circle or in congruent circles,
if two central angles are congruent, then their corresponding intercepted arcs are congruent.

5. mZW = mXY = 95°; but, ZW and XY are not arcs of the same circle or of congruent circles, so ZW and XY are not congruent.

6. 3x= %x+33 MAB = +x +33 mCD = 3x Theorem 65 - In a circle or in congruent circles, if two central
19% = x+132 . ‘11 mCD = 3(12) angles are congruent, then their corresponding intercepted
- mAB = —(12)+33 -
11x =132 4( ) mCD = 36 arcs are congruent.
x=12 maB =143 53
M1
mAB =3+ 33
mAB = 36
7. a)65° b) 60° c) 65° d) 55° e) 115°
8.
STATEMENT REASONS
1.ABis a diameter and AD is a chord of ©Q 1. Given
2. Radius QC Il AD 2. Given
3.QA=QD 3. Radii of the same circle are congruent.
4. /1= /2 4. Theorem 33 - If two sides of a triangle are congruent, then the
angles opposite them are congruent.
5.42=/3 5. Theorem 16 - If two parallel lines are cut by a transversal, then
alternate interior angles are congruent.
6.241=/3 6. Transitive Property of Congruent Angles
7.43 =21 7. Symmetric Property of Congruent Angles
If £1 = 283, then 23 = 21
8. /1=/4 8. Postulate 11 - If two parallel lines are cut by a transversal, then
corresponding angles are congruent.
9./43=/4 9. Transitive Property of Congruent Angles
10.CD =BC 10.Theorem 65 - In a circle or in congruent circles, if two central
angles are congruent, then their corresponding intercepted
arcs are congruent.
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STATEMENT

REASONS

1.
2.

3.

AB and CD are diameters
/AQC = ~BQC

—_ o~

AC = DB

—_

. Given
. Theorem 15 - If two lines intersect, then the vertical angles

are congruent.

. Theorem 65 - In a circle or in congruent circles, if two central

angles are congruent, then their corresponding intercepted arcs
are congruent.

10. Eight equal arcs have eight equal central angles. 360° in a circle divided into 8 parts gives us 8 central angles of 45° each.
11.
STATEMENT REASONS
1.AQ, CQ and BQ are radii of ©Q 1. Given
2. Point C/iithe midpoint of AB 2. Given
3.AC=CB 3. Definition of Midpoint
4. /AQC = ~CQB 4. Theorem 66 - In a circle or in congruent circles, if two minor arcs are
_ congruent, then their corresponding central angles are congruent.
5. CQ bisects ~AOB 5. Definition of Angle Bisector
12.
STATEMENT REASONS
1. AQ, CQ and BQ are radii of 0Q 1. Given
2. CQ bisects ~AOB 2. Given
3. /A\AQC/i +£BQC 3. Definition of Angle Bisector
4.AC =CB 4. Theorem 65 - In a circle or in congruent circles, if two central
angles are congruent, then their corresponding intercepted arcs
Py are congruent.
5. Point C is the midpoint of AB 5. Definition of Midpoint of an Arc
13. In acircle, a radius bisects a central angle if and only if the endpoint of the radius is the midpoint of the arc intercepted by
the central angle.
14. a) True b) False Q @ c) False
d) True @ e) False @ @ f) True
g) True h) False @ i) False
j) True
20 _ 1
360 18
15. Midpoint of an Arc - The point on an arc which divides the arc into two equal or congruent parts.
Center of an Arc - The point which is the center of the circle of which the arc is a part.
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Unit

VI — Circles

Part B— Angle and Arc Relationships

p. 537 — Lesson 2 — Theorem 67; Corollary 67a, 67b, 67¢c

1. a) Theorem 67 - “If an angle is inscribed in a circle, then the measure of that angle is one-half the measure of the intercepted arc.”

b) To prove Theorem 67, you must consider three possible cases:
B B

C

A A
C D
Case 1: The center lies on £ZABC Case 2: The center lies in the
interior of ZABC

c) Given: ~£ABC is inscribed in ©O
d) Prove: ~ABC = % .mAC

e) Case 1: The center lies on ZABC

B

D

Case 3: The center lies in the
exterior of ~ZABC

STATEMENT

REASONS

—_

. £ABC is inscribed in ©O

2. Draw radius OA

—_

. Given
. Postulate 2 - Assumption 1 - For any two different points, there is

exactly one line (segment) containing them.

3.0A=0B 3. Radii of the same circle are congruent.

4. LA=/B 4. Theorem 33 - If two sides of a triangle are congruent, then the angles
opposite them are congruent.

5. mzZA=ms/B 5. Definition of Congruent Angles

6. m£A+msZB =m2AOC 6. Theorem 26 - If you have a given exterior angle of a triangle, then its

measure is equal to the sum of the measures of the two remote
interior angles.

7.msB+msB =mZAOC 7. Substitution Principle
8.2m/B = r1nLAOC 8. Properties of Algebra
9.m4B = > *m£AOC 9. Multiplication Property of Equality

1

1

0. mAC = m~AQC

1.msB = * mAC

1
2

10. Definition of Arc Measure

11. Substitution

Case 2: The center of the circle lies in the interior of ZABC

STATEMENT

REASONS

N =

. £ABC is inscribed in ©0
. Draw diameter BD

—

N -

3. m/ABD = % « mAD 3
1 —
4.mLCBD=§°m D 4
5.m/ABD + m/CBD = % mAD + % mCD 5
1

7.
8.

9

.m£ABD +m2CBD = . (mAD + mCD)

2
m/ABD + mLCQQ =m/ABC
m/ABC = ! (mAD + mCD)

2

. mAD + mCD = mAC

-

7.
8.

9.

. Given
. Postulate 2 - Assumption 1 - For any two different points, there is

exactly one line (segment) containing them.

. Case 1 of Theorem 67
. Case 1 of Theorem 67
. Addition Property of Equality

. Distributive Property of Multiplication over Addition

Postulate 7 - Protractor Postulate - Angle Addition Assumption
Substitution

Postulate 8 - Circle - Arc Addition Assumption

10. mZABC = ! « mAC

N

10. Definition of Arc Measure
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Case 3: The center of the circle lies in the exterior of ~ABC

STATEMENT

REASONS

. ZABC is inscribed in ©O
. Draw diameter BD

N —

—

3. m£ABD = — ¢« mAD

_

4. m/CBD = - *mCD

N o N

5. m£ABC + m£CBD = m£ZABD

6.m/ATD+mf)-I§=m’A-I3

7.m/ABC + m/CBD = % (mAC + mCD)
8. m/ABC + m/CBD = % mAC + % mCD

9.m/ABC = 1 «mAC
2

—_

. Given
. Postulate 2 - Assumption 1 - For any two different points, there is

exactly one line (segment) containing them.

. Case 1 of Theorem 67
. Case 1 of Theorem 67
. Postulate 7 - Protractor Postulate - Angle Addition Assumption

. Postulate 8 - Circle - Arc Addition Assumption
. Substitution

. Distributive Property of Multiplication over Addition
. Subtraction Property of Equality (8 subtract 4)

a) Corollary 67a - “If an angle inscribed in a semi-circle, then the angle is a right angle.”

b)

8/ N\,

c) Given: £ABC is inscribed in semicircle ABC in ©Q
d) Prove: /B is a right angle

e)

STATEMENT

REASONS

1. £ABC is inscribew semicircle ABC
2. mzABC = 1+ mADC
2
—
3. ADC is a semicircle
—~
4. mADC = 180°
5. m£ABC = > * 180

6. m£ABC =90
7. £LABC is a right angle

. Given
. Theorem 67 - If an angle is inscribed in a circle, then the measure of

that angle is one-half the measure of the intercepted arc.

. Definition of an arc of a semicircle
. Definition of Semicircle
. Substitution

. Properties of Arithmetic
. Defintion of Right Angle
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3. a) Corollary 67b - “If a quadrilateral is inscribed in a circle, then its opposite angles are supplementary.”

b)

c)

A~ B

e

Given: ABCD is a quadrilateral inscribe in circle Q

d) Prove: ZA and 2 C are supplementary; /B and /D are supplementary

e)
STATEMENT REASONS
1. ABCD is a quadrilateral inscribe in circle Q 1. Given
2.msLA= 1. mBCD 2. Theorem 67 - If an angle is inscribed in a circle, then the measure of
— 2 — Py that angle is one-half the measure of the intercepted arc.
3. mBC + mCD;mBCp_\ 3. Postulate 8 - 4th Assumption - Arc Addition Assumption
4. mzA =1 (mBC + mCD) 4. Substitution
2
5.msC =% * mDAB 5. Theorem 67
6. m/I:-)\A + ngj\mD/A\lé_\ 6. Postulate 8 - 4th Assumption - Arc Addition Assumption
7.msC =1 (mDA + mAB) 7. Substitution
2
8. mZA+msC =% (m’BE + méB) + % (mﬁ+ m@ 8. Addition Property of Equality
9.ms£A+msC :% (mTB-C +mCD + mDA + m@) 9. Distributive Property of Multiplication over Addition
10. mBC + mCD + mDA + mAB = 360 10. Postulate 8 - 4th Assumption - Arc Addition Assumption
11.mzA+mzC =1 «360 11. Substitution
2
12.mzZA+mzC =180 12. Properties of Arithmetic
13. ZAand 2£C arg_§upplementary angles 13. Definition of Supplementary Angles
14.mzB = 1+« mDAB 14. Theorem 67
2
15. mAD + mDC /:\mA,D\g_\ 15. Postulate 8 - 4th Assumption - Arc Addition Assumption
16. m£B = 1 (mAD + mDC) 16. Substitution
2
1 —~
17.m4D = > * mABC 17. Theorem 67
18. m@+ mTB-C\) E\mAE\C,_\ 18. Postulate 8 - 4th Assumption - Arc Addition Assumption
19.mzD = 1 (mAB + mBC) 19. Substitution
2
20.m/B+mzD=1 (mﬁ + mﬁé) +1 (m’A-E?+ mBC 20. Addition Property of Equality
2 2
21.msB + m«D = Z (mAD + mDC + mAB + mBC) 21. Distributive Property of Multiplication over Addition
2
22. mKE\>+ mBE + mXE+ méE =360 22. Postulate 8 - 4th Assumption - Arc Addition Assumption
23. m/B+m/D="_ 360 23. Substitution
2
24.mzB +m«D =180 24. Principles of Arithmetic
25. £B and 4D are supplementary angles 25. Definition of Supplementary Angles
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4. a) Corollary 67c - “If two inscribed angles intercept the same arc or congruent arcs, then the angles are congruent.”

b) To prove Corollary 67c, you must consider two possible cases: B E
A D
B
A D
C F — —_
Case 1: Angles intercept the same arc Case 2: Angles intercept congruent arcs; AC = DF

c) Case 1 - Given: ~DAC intercepts 65; £/ CBD intercepts cb
Case 2 - Given: £ABC intercepts AC; ~DEF intercepts’D-IE; AC =DF

d) Case 1 - Prove: ~DAC = ~CBD
Case 2 - Prove: ~ABC = /DEF

e) Case 1:
STATEMENT REASONS
1. 2DAC intercepts@; £CBD intercept’s_\é-ﬁ 1. Given
2. m£DAC = 1. mCD; m£CBD 1. mCD 2. Theorem 67 - If an angle is inscribed in a circle, then the measure of
2 2 that angle is one-half the measure of the intercepted arc.
3. m£DAC = m£CBD 3. Substitution
4. /DAC = 2CBD 4. Definition of Congruent Angles
Case 2:
STATEMENT REASONS
1. Lé_B\C intercepts KC\J; /£ DEF intercepts f)-IE; AC=DF 1. Given
2. r?AC =/_r\n’|5?1 2. Definition of Congruent Arcs
3. > * mAC = > - mDF 3. Multiplication Property of Equality
4. m£ABC = % +mAC 4. Theorem 67
5. m£DEF = %- DF 5. Theorem 67
6. m£ABC = mZDEF 6. Substitution
7. LABC = £DEF 7. Definition of Congruent Angles
— —_~ —~~~
5. Given: WZ is a diameter of circle Q; mMWX = mXY =n
Prove: m£Z =n
STATEMENT REASONS
1.@5 a diameter of circle Q 1. Given
2. mV’\_Q( = mZ(_\\( =n ___ 2. Given
3. mWX + m’)Q( =mWY 3. Postulate 8 - 4th Assumption - Arc Addition
4.n+n =/r1WY 4. Substitution
5.2n= mV\4Y — 5. Properties of Algebra
6. msZ=— emWY 6. Theorem 67 - If an angle is inscribed in a circle, then the measure of
2 that angle is on-half the measure of the intercepted arc.
7.mzz=1e2n 7. Substitution
2
8. msLZ=n 8. Properties of Algebra

66 Unit VI - Circles



6. Corollary 67b - “If a quadrilateral is inscribed in a circle, then its opposite angles are supplementary.”
7. a)XZ 180-85 b)NP c)AC 180-110 d)OMQ (or ONQ) e) XZ NP
95 70
8. a)msY=70° b)m~sO =40° c) m/B = 55° d) mZMNQ = 40° e) m£LW =70° f) m£QPM = 40°
9. £MNQ, £MOQ, £MPQ
10. The angles are congruent by Corollary 67c¢: “If two inscribed angles intercept the same arc or congruent arcs,
then the angles are congruent.”
11, ZYXW, £WzZY
12. The angles are congruent by Corollary 67c¢: “If two inscribed angles intercept the same arc or congruent arcs,
then the angles are congruent.”
13. mzU =20° mzV = 30° mZUXV =180 - (20 + 30)
180 - 50
130° w
14. Given: WZ is a diameter of ©Q; QX Il ZY : A X
prove: (R = XV ”
Z~—_“v
STATEMENT REASONS
1. @isidiameter of ©Q 1. Given
2.QX11zY_ 2. Given
3. Draw QY 3. Postulate 2 - 1st Assumption - For any two different points, there is
exactly one line containing them.
4. 41 = /2 4. Postulate 11 - If two parallel lines are cut by a transversal, then
. corresponding angles are congruent.
5.QZ = QY 5. Radii of the same circle are congruent.
6.,42=/3 6. Theorem 33 - If two sides of a triangle are congruent then the angles
opposite them are congruent.
7./3=/4 7. Theorem 16 - If two parallel lines are cut by a transversal, the
alternate interior angles are congruent.
8. élz L/i 8. Transitive Property of Angle Congruence
9. WX = XY 9. Theorem 65 - If two central angles are congruent, then their
intercepted arcs are congruent.
15. mRS + mRT + mST =360

(2x + 8) + (4x - 20) + (3x + 12) = 360

—_~ P
9x = 360 mRS = 2x + 8 mRT = 4x - 20 mST = 3x +12
X = 40 = 2(40) + 8 = 4(40) - 20 = 3(40) + 12
=80+8 =160 - 20 =120 + 12
=88 =140 =132
mzR=1.msT mzS=1.7RT msT =1 RS
2 2 2
~Tia -1 140 -1gs
2 2 2
=66 =70 =44
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16.

STATEMENT

REASONS

1.@, A_D, AE and BD are chords in ©Q
2. L/AEC = /BED

3. £A= /B

4. /,C=/D
5. AACE ~ ABDE

—_

. Given
. Theorem 15 - If two lines intersect, then vertical angles formed

are congruent.

. Corollary 67c - If two inscribed angles intercept the same arc or

congruent arcs, then the angles are congruent.

. Corollary 67c
. Postulate 12 - First Assumption - If the three angles of one triangle are

congruent to the three corresponding angles of another triangle, then
the two triangles are similar. (AAA Similarity Assumption)

17. %is the short leg of a 30-60-90 triangle.
BC = 1 BA or BA
2 2
:124
2
=12
AC is the long leg of a 30-60-90 triangle.
AC :AB<§or AB\3
2 2
_24-\3
2
_®12.3
)
=12V3
18. 360 - (142 + 100)
360 - 242
118
The angles measure 50, 59, and 71 degrees.
19. LABC = £ZDEF
Corollary 67c - If two inscribed angles intercept the same arc or congruent arcs, then the angles are congruent.
20. mZX =90, m£Y =90, m£Z =90
Corollary 67a - If an angle is inscribed in a semicircle, then the angle is a right angle.
21. Less than 180°
68 Unit VI - Circles



Unit VI — Circles
Part B— Angle and Arc Relationships

p- 541 — Lesson 3 — Theorem 68

1. £ABG, LCBG

£ ABF, ~CBF
£ABE, ~CBE

3. mZLVYW =

2NN

MWy

®
o

b
N

4. a)m/CAD =

d) m/BAF =

5. a)m/DAC =

d) m/DFE =

3
)
W)

= N[N
[0
o

™8
o

N
o

3
)
m

= N2 N[
~
o

&
o

—
2.

BC, BEG
BF. BEF
BFE, BE

m/VYX =

; — .
5 XY mZWYX = %.mxw m/UYX = %.mxzv
= — .
E-[m(XW+WY)] %-96 %~[360—(mXW+mWY)}
1 48.
1 [e6+82] 1.48- % 1.[360-(82+96)]
2 P 2
]
—.178 48 1~[360—178]
2 2
1692 1 1g2
7 2
69 1.91. 2
91
~ —_— —_— '1 —_—
b) mBC = 360 - mAC - mAEB c) m£ABC _E-mAC
360102200 ]
102
58 p
1.51.2
51
e) m/BAC = %.mé?z f) m£ACB =~ - mBEA
1 1
1. 1200
;%8 2
1.29. 2 1.100. 2
29 100
b) m/AFD = %-m;kB ¢) m/DEF =%-m6,&|\:
180 1180
2 2
1.40- 2 1.90- 2
40 90
e) MAF = 180—mAD f) m/BAF = %-mA? g) m/EDF = %-mE?
18080 ; ;
1100 1. (180-70
100 > p ( )
150 2 1110
Z( 2
50 1.55. %
55
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STATEMENT REASONS
1.RTis a common internal tangent to ©OP and ©Q. 1. Given
2.PRLRT 2. Corollary 68a - If you have a tangent to a circle, then the diameter
(radius) drawn to the point of tangency is perpendicular to
_ that tangent.
3.QTLRT 3. Corollary 68a
4. £ PRU is a right angle 4. Definition of Perpendicular Lines
5. £QTU is a right angle 5. Definition of Perpendicular Lines
6. APRU is a right triangle 6. Definition of Right Triangle
7. AQTU is a right triangle 7. Definition of Right Triangle
8. ~/PUR = 2QUT 8. Theorem 15 - If two lines intersect, then the vertical angles formed

are congruent.
9. APUR ~ AQTU 9. Postulate Corollary 12b - If an acute angle of one right triangle is
congruent to an acute angle of another right triangle, then the two
triangles are similar.
10. PU = RU 10. If two triangles are similar, then corresponding angles are congruent
QU TU and corresponding sides are proportional.
(Definition of SIimilar Polygons)

7. QT L SR, so AQTRis a right triangle.

2

(@) +(TR) =(aR) P:o_ (:2! = Eg (Ps) +(sR)" = (PR’
2 2 2 - = 2 2 2
(6) +(8) =(am) 20-PQ (20) +(SR) =(30)
36-+64=(QR) 400+ (SR)" =900
100 = (QR)’ Pz(; - Ez (sR)" =500
10=QR - SR = /500
SR=1/5-100
SR=10v5
SR—RT=ST
10/5-8=ST
8. a)Qs, PS
b) QP, QS
g 98718 QP _TP
TS PS TP PS
6 _TS PS+SQ _ TP
TS 24 TP 24
(6)(24)=(Ts)(TS) 6+24 TP
144 =TS? 24
oS o T
TP 24
(30)(24) =(TP)(TP)
720 = TP?
J720 = TP
144.5 = TP
125 =TP
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9. RQ = TQ since radii of the same circle have the same measure.
LetRQ =TQ =x and SQ = x + 7. RQ L SR by Corollary 68a, so AQRS is a right triangle.

(Ra) +(sR)" =(sa
x> +17° =(x+7>2
x? +289:(x+7)(x+7)
X% +289 = x* +14x+49

240 =14x
240 _
14
Z 120
=X
2.7
120
Y x
7
171 =X
7
10.
STATEMENT REASONS
— —>
1. BQ L ED at point Q 1. Given
2. ~BQD is a right angle 2. Definition of Perpendicular Lines
3. m’LEQD =90 3. Definiton of Right Angles
4. mBD =90 4. Definition of Arc Measure - The measure of an arc of a circle is equal
to the measure of its corresponding central angle.
11.
STATEMENT REASONS

1.2Cis tangent to OP and ©OQ at point B.

2. m£DQB = mBD

—

1
3. m/DBC = E * mBD

4. m/DBC = % *m/DQB

e

. Given
. Definition of Arc Measure - The measure of an arc of a circle is equal

to the measure of its corresponding central angle.

. Theorem 67 - If you have an inscribed angle of a circle, then the

measure of the angle is one-half the measure of the intercepted arc.

. Substitution

12. m/USP = %-msTJ

85=.mSU
2

170 = mSU

mASUR=f~mé\R

m4RST=%-méE
1 —_
45 =—-mSR

2

90 = mSR

m/SRU = %-méﬁ

=1-170
2

_170
2

_Z-8
Z

=85

mZ£SUR +m«£SRU+m£USR =180
45 +85+m«USR =180
130+ m«£USR =180

m«£USR =50
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13. a) Corollary 68a - “If you have a tangent to a circle, then the diameter drawn to the point of tangency is perpendicular to
that tangent.
b) R
_\ m
T P
c) Given: Line m is a tangent line to circle Q at point T.
RT is a diameter of circle Q
d) Prove: RT L m
e) Indirect Proof - Assume temporarily that RT is not perpendicular to line m. Then there must exist a line segment, say ﬁ that is
perpendicular to line m. (Postulate 10 - Uniqueness of Perpendicular Lines - In a plane, through a point on a given line, there
is exactly one line perpendicular to the given line.) Since the perpendicular segment from a point to a line is the shortest
distance from the point to the line, RP < RT. Because tangent line m intersects circle Q only in point T, point P would have to lie
outside circle Q and RP > RT. The statements RP < RT and RP > RT are contradictory. Thus, the temporary assumption is false
and RT L m.
14. Case 1:
If you have an angle formed by a secant and a tangent at the point of tangency, then the measure of that angle is one-half the
measure of its intercepted arc. A
Given: ©Q with cqord TA intersecting tangent RP at point T.
Prove: m2£ATP = * mAXT Q
Case 1: Point Q, the center of ©Q, lies on the angle. R P
-« T >
STATEMENT REASONS
1. ©Q with chord TA intersecting tangent(ﬁg at point T. 1. Given
2. TAiis a diameter of ©Q 2. Definition of diameter
3.TA LRP 3. Corollary 68a - If you have a tangent to a circle, then the diameter
drawn to the point of tangency is perpendicular to that tangent.
4. LATP is a right angle 4. Definition of Perpendicular
5. m£ATP =90 5. Definition of Right Angle
6. AXT is a semicircle 6. Definition of Semi Circle - An arc of a circle whose endpoints are the
— endpoints of a diameter of that circle.
7. mAXT =180 7. The measure of a semicircle is 180.
1
8. 5-180 =90 8. Arithmetic Fact
9. mLATP = % - 180 9. Substitution
10. mZATP = % - mAXT 10. Substitution.
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14. Case 2:
If you have an angle formed by a secant and a tangent at the point of tangency, then the measure of that angle is one-half the
measure of its intercepted arc.

Given: ©Q with chord TA intersecting tangent‘R_P)at point T.
Prove: m£ATP :% * mAXT

Case 2: Point Q, the center of ©Q, lies in the interior of ZATP. <R
STATEMENT REASONS
1. ©Q with chord TA intersecting tangentﬁ) at point T. 1. Given
2. Draw YT through point Q, the center of circle Q. 2. Postulate 2 - For any two different points, there is exactly one line
_ containing them.

3. YT is a diameter of ©OQ 3. Definiton of diameter
4.YTLRP 4. Corollary 68a - If you have a tangent to a circle, then the diameter

1 — drawn to the point of tangency is perpendicular to that tangent.
5. mLYTP = > *mYXT 5. Proof in case 1

1
6. mLATY = > ° mz\? 6. Theorem 67 - If an angle is inscribed in a circle, then the measure of

that angle is one half the measure of the intercepted arc.
7. mLATP = mZLATY + m£LYTP 7. Postulate 7 - Protractor Postulate - Angle Addition Assumption -
— —_ Fourth Assumption.

8. m£AXT = mAY + mYXT 8. Postulate 8 - Arc Addition Assumption - Fourth Assumption.
9. m£LATP = E mAY + Py *mYXT 9. Substitution

1 —~~~
10. m£ATP = > (mﬁ+ mYXT) 10. Distributive Property of Multiplication over Addition

1 —
11. m£ATP = > mAXT 11. Substitution
Case 3:
If you have an angle formed by a secant and a tangent at the point of tangency, then the measure of that angle is one-half the
measure of its intercepted arc. Y

A

Given: OQ with ch_lord TA intersecting tangent<R_F: at point T.
Prove: m£ATP = E mAXT

X
Case 3: Point Q, the center of ©Q, lies in the exterior of ZATP. R P
T
STATEMENT REASONS
1. 0Q with chord ﬁintersecting tangent(FW; at point T. 1. Given
2. Draw YT through point Q, the center of circle Q. 2. Postulate 2 - For any two different points, there is exactly one line containing them.
3. YT is a diameter of ©Q 3. Definiton of diameter
4.YTLRP 4. Corollary 68a - If you have a tangent to a circle, then the diameter
1 — drawn to the point of tangency is perpendicular to that tangent.
5. msYTP = > *mYXT 5. Proof in case 1
6. m£LATY = 1. mKY\ 6. Theorem 67 - If an angle is inscribed in a circle, then the measure of
2 1 —_ 1 - that angle is one half the measure of the intercepted arc.
7.mZYTP — m£ATY = > *mYXT — E. mAY 7. Subtraction Property of Equality
8. MLATY + m£LATP = m4£YTP 8. Postulate 7 - Protractor Postulate - Angle Addition Assumption -
Fourth Assumption.
9. Mm£LATP = mZLYTP — m£ATY 9. Subtraction Property of Equality
1 ~ 1 —~ _—
10. m£ATP = > *mYXT — > * mAY 10. Substitution.
11. m£ATP = % (mY/X\T - mﬁ) 11. Distributive Property of Multiplication over Addition (Subtraction)
— —~ —~
12. mAY + mAXT = mYZ(l 12. Postulate 8 - Arc Addition Assumption - Fourth Assumption
13. mAXT = mYXT — mAY 13. Subtraction Property of Equality
14. m£ATP = 1. mAXT 14. Substitution
2
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2 2 2
15. (xa) +(xP) =(PQ) A B
2 2 2
(AQ-AX) +(xP) =(PQ
(5-2) +(xP) =(5+2)
() +(xe)" =(7)
2
9+(xP) =49
2
(xP) =40
XP =40 =4 .\10 =210
Unit VI — Circles
Part B — Angle and Arc Relationships
p. 547 — Lesson 4 — Theorem 69 and 70
I 1
1. m41=1‘(50+20) 2. m/1=180- 1(130+1oo) 3. ms1=—(120-40)
2 12 2
1 r 1
=570 -180- %-230} —§8°>
2.35 - _Z.40
T4 _180-| 2 ;15} Z
=35 y =40
=180-115
m~2=180-35 =65
=145
1
4. 33=_(108-x) 5. 85:1(x+1oo) 6. 20:1(x—30)
2 2 2
66 =108 - x 170=x+100 40=x-30
—42 = -X 70=x 70=x
42 =X
7. x=135 8. mLB:%‘(mAE—mIE)E) 9. mABzé-(mAE—mbE) 10. ms1=50
1 3a 1
ms1=180-135 90—a=7~(x—(90+a)) —:7~(X—a> x =180-36
4 2 4 2 _ 144
=45 180-2a=x—(90+a) 3a=2(x-a) -
180-2a=x-90-a 3a=2x-2a
270-a=x 5a=2x
5a
24«
1. 2
STATEMENT REASONS
1.RPLYT 1. Given
2. £PXT is a right angle 2. Definition of Perpendicular
3.RTLYS 3. Given
4. £ SVT is a right angle 4. Definition of Perpendicular
5. ZPXT = £SVT 5. Theorem 11 - If you have right angles, then those right angles

are congruent.

6. m£PXT = m4SVT 6. Definition of Congruent Angles
1 —~~~
7. m£LPXT = > * (mPT + mﬁ-\?) 7. Theorem 69 - If, for a circle, two secant lines intersect inside the
circle, then the measure of an angle formed by the two secant lines,
(or its vertical angle), is equal to one-half the sum of the measures of
1 - the arcs intercepted by the angle and its vertical angle.
8. m/SVT = > * (mST + mRY) 8. Theorem 69
9. % (mﬁ+ mRY) = % (m§f+ mI’:{?) 9. Substitution
—~ —~ —~ —~
10. mPT + mRY = mST + mRY 10. Multiplication Property of Equality
11. mPT = mST 11. Addition (Subtraction) Property of Equality
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12.

STATEMENT

REASONS

13.

Part 1 Prove: mz£1 =

—_

2. mRY = mRY
— — — —
3. mPT + mRY = mST + mRY
1 —~ — 1 — —
4. > (mPT + mRY) = > (mST + mRY)
5.1 (mPT + mRY) = mzPXT
2

6. 1 (MST + mRY) = m/SVT

N =

7. mLPXT =m4SVT

N —

. Given

. Reflexive Property of Equality

. Addition Property of Equality

. Multiplication Property of Equality

. Theorem 69 - If, for a circle, two secant lines intersect inside the circle,

then the measure of an angle formed by the two secant lines, ( or its
vertical angle), is equal to one-half the sum of the measures of the
arcs intercepted by the angle and its vertical angle.

. Theorem 69

. Substitution

Theorem 69 - If, for a circle, two secant lines intersect inside the circle, then the measure of an angle formed by the two secant
lines, (or its vertical angle) is equal to one-half the sum of the measures of the arcs intercepted by the angle, and its vertical angle.

> >
Given: Secant Lines, AB and CD, intersect inside ©Q at point X.

P

1+ (mAC + mBD)
2

C B

STATEMENT

REASONS

1. Secant Lines, AB and CD, intersect inside ©Q

at point X.
2. Draw CB forming ACXB

3. msZ1=ms2+m+3

1 —
4. ms2 = > mAC
1 —
5.m/3 = > mBD
1 — 1 —
6. mz1= — mAC + — mBD
2 2
7.ms1 = %(m/fcl mBD)

1 — —
Part 2 Prove: m24 = 2 * (mBD + mAC)

. Given

. Postulate 2 - For any two different points, there is exactly one line

containing them.

. Theorem 26 - If you have a given exterior angle of a triangle, then its

measure is equal to the sum of the measures of the two interior
angles.

. Theorem 67 - If an angle is inscribed in a circle, then the measure of

the angle is one-half the measure of the intercepted arcs.

. Theorem 67
. Substitution

. Distributive Property of Multiplication over Addition

STATEMENT

REASONS

1. Secant Lines,<A_B)and ﬁ’, intersect inside ©Q

at point x.
2. Draw BC

3. m/Z4=m/3+msL2

1 —~~
4. m/3 = E mBD
5. ms2 = % mﬂe
6. m/4 = 1 mTBTD+1 m//-\-C\
2 2
1 —~ ~~
7.ms4 = E(mBD + mAC)

. Given

. Postulate 2 - For any two different points, there is exactly one line

containing them.

. Theorem 26 - If you have a given exterior angle of a triangle, then its

measure is equal to the sum of the measures of the two interior
angles.

. Theorem 67 - If an angle is inscribed in a circle, then the measure of

the angle is one-half the measure of the intercepted arcs.

. Theorem 67
. Substitution

. Distributive Property of Multiplication over Addition
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14. Theorem 70 - If, for a circle, two secant lines intersect outside the circle, then the measure of an angle formed by the two secant
lines, (or its vertical angle), is equal to one-half the difference of the measure of the arcs intercepted by the angle.

Given: Secant Lines, AB and CD, intersect outside ©O at point X.

Prove: mz1 = > : (m§F\2— m'fa)

STATEMENT REASONS
-—> >
1. Secant Lines, AB and CD, intersect outside ©O 1. Given
at point X.
2. Draw RT forming ARTX 2. Postulate 2 - For any two different points, there is exactly one line
containing them.
3. m£L2=msZ1+msL3 3. Theorem 26 - If you have a given exterior angle of a triangle, then its
measure is equal to the sum of the measures of the two interior
1~ angles.
4. mz2 = —mSR 4. Theorem 67 - If an angle is inscribed in a circle, then the measure of
% — the angle is one-half the measure of the intercepted arc.
5.ms3 = > mTQ 5. Theorem 67
6. %méﬁ: mzZ1 + % m'I"-d 6. Substitution
1T =~ 1 = . ) .
7. 2 mSR — 2 mTQ =mz1 7. Addition (Subtraction) Property of Equality
1 —
8. > (mSR - m'f-\) =mz/1 8. Distributive Property of Multiplication over Subtraction
15
STATEMENT REASONS
1.NS = RT 1. Given
2. S’N_\M = 'I(EE/I 2. Given
3. mNS = mRTA 3. Definition of Congruent Arcs
4. mSNM = mj'_le . 4. Definition of Congruent Arcs
5. mSNM = mﬁ§ + mMN 5. Postulate 8 - Fourth Assumption - Arc Addition Assumption
6. m/TfE\M = mAT + mMR 6. Postulate 8
7. ml\l_§ + m@ = mﬁ + m@ 7. Substitution
8. mRT + mMN = mNS + mMR 8. Substitution
1
9. E(m/F-ﬁ + mm) = % (mN/S-\+ ml\/lﬁ)\ 9. Multiplication Property of Equality
1 . N
10.— (mfﬁ + mm) =mz£ZPUM 10. Theorem 69 - If you have two secants (chords) intersecting inside a
2 circle, then the measure of the angle formed is equal to one-half the
. sum of the measures of the intercepted arcs.
11. 1 (mNS + mMR) = m2UPM 11. Theorem 69
2
12. m£PUM = m2£UPM 12. Substitution
13. LPUM = 2UPM 13. Definition of Congruent Angles
14. MP = MU 14. Theorem 34 - If two angles of a triangle are congruent, the sides
opposite them are congruent.
15. AMPU is isosceles 15. A triangle is isosceles if and only if the triangle has at least two
congruent sides.
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Unit VI — Circles
Part B— Angle and Arc Relationships

p. 551 — Lesson 5 —Theorem 71 & 72

1. Theorem 71 - “If, for a circle, a secant line and a tangent line intersect outside a circle, then the measure of the angle formed, is
equal to one-half the difference of the measures of the arcs intercepted by the angle.”

E A
Given:  ABis tangent to ©Q at point A. C
—>
BD is a secant of ©Q.
Prove: m/ABD = % (MAD — mAC) D
STATEMENT REASONS
-—>
1. AB is tangent to ©Q at point A. 1. Given
2.BD is a secant of ©Q 2. Given

3. Draw AD
4. m£EAD = m£ADB + m£ABD

5. m/EAD = 1 mAD
2

6. m£ADB = %mAC

7. % mﬁ = % mﬂE+ m/ABD

8. 1 mAD — 1 mAC = m~ABD
2 2

9. 1(mAD - mAC) = m~ABD
2

10. m£ABD = (mAD — mAC)
2

3. Postulate 2 - For any two different points, there is exactly one line
(segment) containing them.

4. Theorem 26 - If you have a given exterior angle of a triangle, then its measure
is equal to the sum of the measures of the two remote interior angles.

5. Theorem 68 - If you have an angle formed by a secant and a tangent
at the point of tangency, then the measure of that angle is one-half
the measure of its intercepted arc.

6. Theorem 67 - If an angle is inscribed in a circle, then the measure of
the angle is one-half the measures of the intercepted arc.

7. Substitution

8. Addition (Subtraction) Property of Equality
9. Disctibutive Property of Multiplication over Subtraction

10. Symmetric Property of Equality

2. Theorem 72 - “If, for a circle, two tangent lines intersect outside the circle, then the measure of the angle formed, is equal to
one-half the difference of the measures of the arcs intercepted by the angle.”

Given:  ABis tangent to ©Q at point A.
>
BC is tangent to ©Q at point C.

1 — —
Prove: m£ABC = — (mADC — mAC)
2

STATEMENT

REASONS

1.AB is tangent to ©Q at point A.
2.BCis tangent to ©Q at point C.
3. Draw AC

—~

4. m£BAC = —mAC

N|—

5. m/ACE = - mADC
2

6. m£ACE = m£ZBAC + m£ABC

7. %mA’D\C = % mAC + m/ABC

1 —~
8. %mA’Bb -, MAC = m/ABC

9. 1(mADC - mAC) = m~ABC
2

10. m/ABC = %(m;ﬁc —mAC)

—_

. Given

2. Given

3. Postulate 2 - For any two different points, there is exactly one line
(segment) containing them.

4. Theorem 68 - If you have an angle formed by a secant and a tangent at the
point of tangency, then the measure of that angle is one-half the measure of
its intercepted arc.

5. Theorem 68

6. Theorem 26 - If you have a given exterior angle of a triangle, then its measure
is equal to the sum of the measures of the two remote interior angles.
7. Substitution

8. Addition (Subtraction) Property of Equality
9. Disctibutive Property of Multiplication over Subtraction

10. Symmetric Property of Equality
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3. x:%(zso—eo) 4. y=360-90 5. 35:1[(360—90—x)—x]
] =270 f
=170 1 35:5[270—2x]
_Z85 x=(270-20) s 2135 2%
4 ; FR
=85 =180 35=135-x
% .90 ~100 = -x
e 100 = x
=90
1 1 1
6. x=5(250—110) 7 SO:E(X—SO) 8. 90—x=§(x—(90—a))
:1.140 30=1x—2/'40 90—x:1(x—90+a)
2 2 7 2
_2"70 1 180-2x=x-90+a
_7 30:Ex—40 270=3x+a
=70 20 270—-a=3x
=—X
90—1a:x
140 = x 3
0. x=%(280—80) 10. y=360-x 11. 100+a+mBC = 360
] mBC = 360-100-a
=200 44:1(y_x) =260-a
_Z 100 ﬁ
Pl 44:5((360—x)—x) x=%[(260—a)—a]
=100 88 = 360 — 2x 1
272 = -2x = (260-2a)
136 = x 2130 Za
1
V:222‘136 =130-a
y:
12. mAB = 180— 80 13. mzACEzl(mXE—m/KB) 14. mBD=180-mAD
=100 ? . =180-56
18:5-(92—mAD) =124
x:%(100—80) 36 = 92— mAD
1 -56 = -mAD
:E-(ZO) 56 = mAD
_Z10
=10
15.  mBE=180-92 16. mzoAC:%mBTJ 17. mZADC =180 - m~ACD - m~DAB
-88 ] =180-18-28
— =—.(56 ~180-
mAEFB:l(mAD+mBE) 2 (%) = 18048
5 4 .28 =134
=%-(56+88) S
y =28
= .(144
5 (144)
_ 272
Z
=72
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18. m«ADE =180-m«£ADC 19.

=180-134
=46
or
mZ£ADE = m£ACD + m«DAC
=18+28
=46

21. m£ADB =90

24. m/BEA =90

22. m£CAB =90

m£AEC = m£ZAED 20. Parallel

- 1.mAD
2

72
=L/-zs

=28

23. m/ABE = %m/ﬁ

25. m/ABD = %me
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